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Outline

I We have parameters for individual basket
components

I We have spot/spot correlations

I How do we parametrize cross spot/vol and
vol/vol correlations

I ... in a physically meaningful way

I ... that works for both SV/LSV models ?

I Conclusion

The proofs of some of the results used here can be found in chapter 11 of SVM. See www.lorenzobergomi.com
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Single-asset model – 1
I Consider a stochastic volatility (SV) / local-stochastic volatility (LSV) model

I In what follows we use an LSV model based on a 2-factor forward variance model{
dSt = rStdt + σ(t, St)

√
ξtt dW S

t

dξTt = (2ναθ) ξTt
(
(1− θ)e−k1(T−t)dW 1

t + θe−k2(T−t)dW 2
t

)
I Local vol function σ(t, S) is calibrated so that market smile is recovered

I Price of a derivative in the model reads:

P(t, S , σ̂KT , ξ
τ ; •)

where • are model parameters

I This model is in the class of admissible models – see 2015 GD presentation

I P&L of delta and vega-hedged position is of the standard Gamma/Theta type

I No situation where we are Gamma +/Theta + or Gamma −/Theta −
I Condition for this is:

dP

dξτ
= 0, ∀τ

I This is fulfilled in the 2-factor based model

é Take ξτ = 1, ∀τ . Price reads:

P(t, S , σ̂KT ; •)
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Single-asset model – 2
I How do we choose model parameters?

I ... so that desired levels of volatilities of volatilities / spot/vol correlation are
obtained

I Typically look at floating implied vols, rather than fixed-strike vols, for example
ATMF volatilities

I In model, the dynamics of ATMF vols σ̂M
T , at order 1 in ν and in the local

volatility function, in the case of a flat term structure of ATMF volatilities, is
given by: :

d σ̂M
T = • dt +

((
ST − SSV

T

)
+

1

T

∫ T

0

(
St − SSV

t

)
dt

)
σdW S (1)

+ ναθσ̂T

(
(1− θ)

1− e−k1T

k1T
dW 1 + θ

1− e−k2T

k2T
dW 2

)
where (see book for derivation) :

I ST is the ATMF skew for maturity T :

ST =
d σ̂KT

d lnK

∣∣∣∣
K=FT

I SSVT is the ATMF skew generated by the naked SV model

I σ is the instantaneous local vol ≡ the short ATMF vol 4 / 23



Single-asset model –3

I More accurate approximations than (1) can be worked out

I End result: 3 sensitivies:
d ln σ̂M

T
d ln S

,
d ln σ̂M

T
dX 1 ,

d ln σ̂M
T

dX2 such that:

d ln σ̂T = •dt +
d ln σ̂M

T

d lnS
σdW S +

d ln σ̂M
T

dX 1
dW 1 +

d ln σ̂M
T

dX 2
dW 2

where σ̂ is our preferred implied vol (ATMF, ATM, VS)

I From these 3 numbers we can calculate vols of vols, spot/vol and vol/vol
correlations

I Choose parameters so that we get desired values for these break-even levels
I Parameter sets include the 3× 3 correlation matrix of ρS1, ρS2, ρ12

I The case of a pure SV model is similar – with
d ln σ̂M

T
d ln S

= 0

I Similar break-even levels may be generated by different parameter sets

é Choose set that yields break-even levels that are least sensitive to changes of market
smile

I We’re done with the single-asset case
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Multi-asset model – 1

I Consider a basket of n assets

I Single-asset parameters – and correlations – are set

I Assume 2 vol factors/asset é 3× 3 correlation matrix for each asset

I This defines the n 3× 3 diagonal blocks of the global 3n × 3n correlation matrix

I The submatrix of S/S correlations ρSS is set as well

I How do we set the remaining correlations (cross spot/vol and vol/vol correlations)
so that:
I The global 3n × 3n correlation matrix is positive by construction

I Cross-correlations are set on the basis of physical criteria

é First, do not work with model correlations – have no meaning whatsoever –
especially for LSVs

é Set 2 vol maturities T1,T2. for example :
I Indices: 1y, 5y

I Stocks: 3m, 2y

é Work with correlations of physical observables rather than model correlations:
I ρSσ̂1

, ρSσ̂2
, ρσ̂1σ̂2

é 3× 3 (physical) correlation matrix
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Multi-asset model – 2
I Objective: generate global physical correlation matrix:

é Diagonal 3× 3 physical blocks and S/S correlations given

é Use small number of additional parameters to generate physical cross-correlations

é Resulting 3n × 3n matrix has to be a smooth (read C large) function of inputs

I Example of what we’re after: global correl matrix (S , σ̂1y , σ̂5y )

100 -88 -87 91 -72 32 81 -36 30 76 -67 14
-88 100 100 -79 85 8 -71 67 9 -68 79 25
-87 100 100 -78 85 11 -70 67 12 -67 79 28
91 -79 -78 100 -81 34 80 -36 30 86 -74 16
-72 85 85 -81 100 26 -64 72 20 -68 83 33
32 8 11 34 26 100 27 55 81 30 13 81
81 -71 -70 80 -64 27 100 -43 38 76 -67 14
-36 67 67 -36 72 55 -43 100 66 -34 68 64
30 9 12 30 20 81 38 66 100 28 13 79
76 -68 -67 86 -68 30 76 -34 28 100 -86 19
-67 79 79 -74 83 13 -67 68 13 -86 100 33
14 25 28 16 33 81 14 64 79 19 33 100

NIKKEI

SP500

EuroStoxx50

HSCEI

NIKKEI

SP500 EuroStoxx50 HSCEI

I Dark blue: physical correlation blocks: computed from single-asset model
correlations

I Pink: S/S correlations: given

I Light blue: cross-correlations: generated
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Multi-asset model – generate model correlations from physical correlations

I Suppose we have constructed the global physical correlation matrix. How to get
global model correlation matrix?

I Denote by Ti the matrix of sensitivities of physical observables of asset i with
respect to the model’s Brownian increments: d lnSi

d σ̂M
i,1

d σ̂M
i,2

 = Ti

 dW S
i

dW 1
i

dW 2
i


and denote by ρMi the model correlation matrix of dW S

i , dW
1
i , dW

2
i

I Denote by Σi the diagonal matrix defined by Σi kk = (Ti ρ
M
i Tᵀ

i )kk

I The correlation matrix ρi of physical observables of asset i is given by:

ρi = Ui ρ
M
i Uᵀ

i where Ui = Σ
− 1

2
i Ti

I The ρi are the diagonal blocks of the global 3n × 3n physical correlation matrix

é Suppose we have constructed an OK global correlation matrix ρ for physical
observables. The global model correlation matrix ρM is given by:

ρM = U−1 ρ (U−1)ᵀ

where U is a 3n × 3n block-diagonal matrix consisting of the n 3× 3 matrices Ui
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Homogeneous case – parametrization of cross-correlations – 1
I Consider first the homogeneous case: n assets

I 3× 3 physical single-asset correlation matrices ρi all identical: (ρSσ̂1 , ρSσ̂2 , ρσ̂1σ̂2 )

I S/S correlations all identical ρSS

I Parametrize physical cross-correlations using 2 additional parameters: χSσ̂, χσ̂σ̂

ρcross
Sσ̂1,2

= χSσ̂ · ρSσ̂1,2

ρcross
σ̂1σ̂2

= χσ̂σ̂ · ρσ̂1σ̂2

ρcross
σ̂1σ̂1

= χσ̂σ̂ ρcross
σ̂2σ̂2

= χσ̂σ̂

I Is the global 3n × 3n matrix positive? Yes - provided the following 3× 3 matrix 1 ζρSσ̂1 ζρSσ̂2

ζρSσ̂1 1 ρσ̂1σ̂2

ζρSσ̂2 ρσ̂1σ̂2 1


is positive for the following 3 values of ζ (see Chapter 11 of SVM):

ζ = 1

ζ =
1 + (n − 1)χSσ̂√

(1 + (n − 1)ρSS ) (1 + (n − 1)χσ̂σ̂)

ζ =
1− χSσ̂√

(1− ρSS ) (1− χσ̂σ̂)
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Homogeneous case – parametrization of cross-correlations – 2
I These 3 conditions are specific to the 2-factor case

I For a larger number of vol factors é different conditions

I From expressions for ζ in previous slide, we have the following admissible ranges
for χSσ̂, χσ̂σ̂:

I χσ̂σ̂ < 1
I χSσ̂ allowed to be larger than 1

I Are there values of χSσ̂, χσ̂σ̂ such that global correl matrix is guaranteed to be
positive?

é YES. Take:
χSσ̂ = χσ̂σ̂ = ρSS

é This is not fortuitous: this is what the LV model does

é In multi-LV model, only ingredient: S/S correlations. ρSσ̂ = ±1

I In multi-asset LV model for homogeneous basket:

ρcross
Sσ̂ = ρSS · ρSσ̂

ρcross
σ̂σ̂ = ρSS

I How do χSσ̂, χσ̂σ̂ impact the smile of basket vanilla options?
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Homogeneous case – parametrization of cross-correlations – 3
I At order 1 in vol of vol, for a homogeneous basket, the basket skew SB

T is given by:

SB
T = ST

√
n

1 + (n − 1)ρSS

[
1 + (n − 1)χSσ̂

n

]
ST : component skew / SB

T : basket skew – see chapter 11 of SVM

I Example: homogeneous basket with 10 stocks. Single-asset smile:
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25%

30%

50% 70% 90% 110% 130% 150%

I Now basket smiles with χσ̂σ̂ = 80%. 3 values for χSσ̂: 0% – 80% – 115%
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Homogeneous case – parametrization of cross-correlations – 4
I χSσ̂ controls the basket skew. For a large basket, the formula in the previous slide

simplifies to:

SB
T = ST

χSσ̂√
ρSS

I If χSσ̂ >
√
ρSS then basket skew is larger than component skew

I Typical implied value of χSσ̂ ≈ 1

I In LV model χSσ̂ = ρSS
SB,LV
T = ST

√
ρSS

é In LV model basket skew always smaller than stock skew

I Effect of χσ̂σ̂? Example: 1y basket smile, χSσ̂ = 80%:

10% 

15% 

20% 

25% 

30% 

35% 

40% 

60% 80% 100% 120% 140% 

  χσσ  =  40% 

  χσσ  =  80% 

  χσσ  =  95% 

é χσ̂σ̂ mostly drives basket curvature, has little effect on basket skew 12 / 23



General case – 1
I Now general case. Assume that

I 3× 3 single-asset physical correlation matrices ρi are given (and positive)

I S/S correlation matrix ρSS is given (and positive)

I We would like to parametrize cross-correlations with χSσ̂, χσ̂σ̂

é Methodology
1 Start with ”artificial” homogeneous case:

2 Pick a 3× 3 correlation matrix ρ0 and a uniform S/S correlation matrix ρ0
SS

3 Generate the global physical correlation matrix ρ0
G for the homogeneous case as

described in previous slides, using χSσ̂ , χσ̂σ̂ :

ρ0
G (ρ0, ρ0

SS , χSσ̂, χσ̂σ̂)

4 Map ρ0
G into a global positive correlation matrix ρG such that individual 3× 3

blocks and S/S correlations have the right values:

ρG = f (ρi=1...n, ρSS , ρ
0
G )

5 The global model correlation matrix can then be obtained from the global physical
correlation matrix as explained in slide 8

I Step 5 already described é focus on step 4
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General case – 2

I Start from ρ0
G : homogeneous global matrix built from: 3× 3 matrix ρ0, S/S

correlation matrix ρ0
SS and χSσ̂, χσ̂σ̂:

ρ0
G (ρ0, ρ0

SS , χSσ̂, χσ̂σ̂)

I Need to build smooth function f :

ρG = f (ρi=1...n, ρSS , ρ0
G )

= F
(
ρi=1...n, ρSS ; ρ0, ρ0

SS , χSσ̂, χσ̂σ̂
)

I Mapping works in 2 steps:

Step 1 Linear transformation of S degres of freedom so that S/S correlation matrix is ρSS

Step 1 Linear transformation within each asset’s (S , σ̂1, σ̂2) triplet that leaves S
unchanged, such that 3× 3 physical correlation matrix for i-th asset is ρi
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General case – Step 1 – 1

I S0 : vector of spot RVs with uniform correlation matrix ρ0
SS

I S : vector of spot RVs with target correlation matrix ρSS

I Introduce square roots A0/A of ρ0
SS/ρSS and vectors s0, s of uncorrelated RVs

S0 = A0s0, A0 such that E [S0S
ᵀ
0 ] = A0A

ᵀ
0 = ρ0

SS

S = As, A such that E [SSᵀ] = AAᵀ = ρSS

I Any square root will do

I S0 mapped into S using orthogonal matrix Q: s = Qs0

S = As = AQA−1
0 S0

I Any Q will do (for example Q = I ) but we want mapping to be ”minimal” (For
example, avoid unnecessary spot permutation)

é Find Q such that
E [(S − S0)ᵀW (S − S0)] is minimum

I W weight matrix – we take W = I
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General case – Step 1 – 2

E [(S − S0)ᵀW (S − S0)] = E [SᵀWS ] + E [Sᵀ
0 WS0] − 2E [Sᵀ

0 WS ]

I First 2 pieces of RHS does not depend on Q:

E [SᵀWS ] = tr(SᵀWS) = tr(WSSᵀ) = tr(W ρ)

I Find Q orthogonal that maximizes E [Sᵀ
0 WS ]:

E [Sᵀ
0 WS ] = E [sᵀ0 A

ᵀ
0WAQs0] = E [tr(Aᵀ

0WAQs0s
ᵀ
0 )]

= tr(Aᵀ
0WAQE [s0s

ᵀ
0 ]) = tr(Aᵀ

0WAQ)

= tr(QAᵀ
0WA)

é SVD decomposition of Aᵀ
0WA

é 2 orthogonal matrices U,V + diagonal matrix Σ with positive elements such that:

Aᵀ
0WA = UΣV ᵀ

max
Q

tr(Aᵀ
0WAQ) = max

Q
tr(UΣV ᵀQ) = max

Q
tr(Σ V ᵀQU) = max

N
tr(ΣN)

where maxN is taken over orthogonal matrices N = V ᵀQU
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General case – Step 1 – 3

I Find N orthogonal that maximizes tr(ΣN)

I Σ is diagonal with positive elts. N orthogonal, so its diagonal elements ∈ [−1, 1]

é Max is obtained with N = I :

V ᵀQU = I é Q = VUᵀ

I This is the Kabsch algorithm

I Map S0 vector into S vector using Q é S/S correlations OK

é New global correlation matrix is ρ1
G given by:

ρ1
G = M ρ0

G Mᵀ

where M is a 3n × 3n matrix given by:

MiS,jS = (AQA−1
0 )ij , Miσ̂1,jσ̂1 = 1, Miσ̂2,jσ̂2 = 1 all other elements = 0

I Next step: individual mapping within each (S , σ̂1, σ̂2) triplet to recover the target
single-asset correlation matrix ρi
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General case – Step 2 – 1

I Consider an asset i

I Denote by Z0 the (S , σ̂1, σ̂2) vector for asset i , after Step 1

I Denote by ω0 its correlation matrix

I Find a mapping to vector Z such that the corelation matrix of Z is ω = ρi

I Without altering the S RVs

I As before express Z0,Z in terms of vectors z0, z of uncorrelated RVs

I This time use Choleski decomposition with lower triangular matrices L, L0:

Z = Lz , LLᵀ = ω

Z0 = L0z0, L0L
ᵀ
0 = ω0

I We’re looking for Q orthogonal such that z = Qz0, i.e.

Z = LQL−1
0 Z0

such that:

I S degrees of freedom unchanged

I Other degrees of freedom (σ̂1, σ̂2) minimally altered
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General case – Step 2 – 2

I Let E be a vector with E0 = 1, Ei 6=0 = 0

I 1st condition reads: E [(Z − Z0)ᵀEEᵀ(Z − Z0)] = 0

E [(Z − Z0)ᵀEEᵀ(Z − Z0)] = E [ZᵀEEᵀZ ] + E [Zᵀ
0 EE

ᵀZ0]− 2E [Zᵀ
0 EE

ᵀZ ]

= 1 + 1− 2E [Zᵀ
0 EE

ᵀZ ]

é Constraint reads: E [Zᵀ
0 EE

ᵀZ ] = 1

1 = E [Zᵀ
0 EE

ᵀZ ] = tr(E [Zᵀ
0 EE

ᵀZ ]) = tr(E [zᵀ0 L
ᵀ
0EE

ᵀLQz0]) = tr(Lᵀ
0EE

ᵀLQ)

= tr(EEᵀQ) = EᵀQE = Q00

where we have used that Lᵀ
0E = E and EᵀL = Eᵀ

I Q is orthogonal and its top leftmost element is 1. Thus Q reads:

Q =

(
1 0
0 q

)
with q an orthogonal (p − 1)× (p − 1) matrix, where p is the number of degrees
of freedom/asset (here p = 3)
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General case – Step 2 – 3
I Find q such that E [(Z − Z0)ᵀ(Z − Z0)] is minimal. As before, equivalent to

maximizing tr(Lᵀ
0LQ)

I Set K = Lᵀ
0L. Write K as:

K =

(
a bᵀ

c k

)
with a a number, k a (p − 1)× (p − 1) matrix, b, c vectors of dimension p − 1

I We have:
max

q
tr(KQ) = a + max

q
tr(kq)

I As before, do SVD decomposition of matrix k: k = uσνᵀ

é Optimal q is given by q = νuᵀ. Optimal Q is given by:

Q =

(
1 0
0 νuᵀ

)
I One matrix Q per asset

é Finally, global correlation matrix ρG is given by:

ρG = P ρ1
G Pᵀ

where P is a block-diagonal 3n × 3n matrix consisting of each asset’s LQL−1
0

matrices 20 / 23



Different types of parametrization – 1
I We now have a technique for generating the global correlation matrix using
ρ0, ρ

0
SS , χSσ̂, χσ̂σ̂:

ρG = F
(
ρi=1...n, ρSS ; ρ0, ρ0

SS , χSσ̂, χσ̂σ̂
)

I How do we choose these parameters? 3 possible choices – among others

I NoParam
I 3× 3 block ρ0 = average of 3× 3 blocks:

ρ0 =
1

n

∑
ρi

I ρ0
SS : uniform correlation matrix = average of ρSS correlations

ρ0
SS,i 6=j = ρ =

1

n(n − 1)

∑
i 6=j

ρSS,ij

I Set
χSσ̂ = χσ̂σ̂ = ρ

é No parameter beyond S/S correlations

é Always yields positive matrix

é If basket happens to be homogeneous, yields the construction for the homogeneous
case

é Best candidate for mimicking basket smile of LV model 21 / 23



Different types of parametrization – 2

I Fixed

I Use fixed 3× 3 block ρ0 and fixed ρ0
SS matrix as well

é Admissible values for (χSσ̂ , χσ̂σ̂) couple are known – see slide 9

é χSσ̂ affords control on basket skew

I OpenBar

I Imagine we’ve somehow assembled a positive global correlation matrix ρ0
G

I But now we need to vary S/S correlations to match prices of call-versus-call options

é Use function f in slide 14

I Comes in useful for small baskets, for which we need to fine-tune cross-correlations
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Conclusion

I Make sure to work with correlations of physical observables

I We suggest a construction of the global correlation matrix that ensures it is
positive and physically meaningful

I Dependence on parameters is smooth – allows for risk-analysis scenarios

I No positivation of non-positive matrix step

I Can be extended to more than 2 vol factors – only change: conditions in slide 9

I Preliminary tests show that:

I NoParam parametrization good candidate for emulating basket skew of LV model

I χSσ̂ controls basket skew

I More tests needed to figure out which are optimal ρ0, ρ0
SS combinations to choose

in Fixed case
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