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Motivation - 1

Nov Dec Jan VIX smiles - Sept 25 2008

O

= New listed volatility instruments / P

» VIX futures & options 80%

60%
50%
= New OTC options on variance a0%
Swaptions .

Options on realized variance, spot or forward-starting

Multi-asset options on realized variance

t T T,
» Hybrid equity / realized variance payoffs f ﬂ
2
1 & S
S =pht S=——> In =
h Tz o T1 FZT; S i

=> Require modeling of
- joint dynamics of spot / variance curve

- smile of forward variances
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Motivation - 2

=1-factor stoch. vol models generate poor smile dynamics

- One single time scale: for T'>> 1/k, o« —, Skew,p, <

1 1
O o ? ?

= Popular smile models have other structural problems

= Heston model:

- short ATM vol is normal
- short ATM skew inv. prop. to level of ATM vol
- simulation of dynamics of variance curve uselessly arduous

» Jump / Lévy models:
- forward skew but no dynamics of vol / skew

- process for producing skew generates unrealistic skewness for short-term returns
=> pbs for very path-dependent options

= Stoch. Vol Lévy
- dynamics is very constrained: for short maturities

ds | 1
dinK|, 6p
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A simple framework - 1

= Start with simple lognormal dynamics for forward variances driven by OU factors:

2
T d

ox! —Z—E[(x]')?]

é‘[T = fOTe 2 S0 = dT( ol O(T))

= (-0) e Ty 4 gekT-t)y
dX = — ki Xdt + dw
dY = —kyYdt + aw !

X,, Y, are Gaussian: correlation of W Xand w'is p Xy

= Dynamics is Markovian:

- Fwd variances are functions of just 2 easy-to-simulate factors: V hty ( , Xt , Yt) = I deT
I, —T "
dVTl & I,T X LT Y ?
T = oy 2dW”" tay' 2dW
T, T,
by Ty
A% = 1-0) " LR
j &l dr I &ldr SOCIETE GENERALE
Corporate & Investment Banking

Lorenzo Bergomi




A simple framework - 2

= We can use same dynamics for discrete forward variances | s

- Allows for independent control of short fwd skew !

= 2-factor model is minimal setup that provides handle on:
- term-structure of volatilities of volatilities

- term-structure of skew

80% . 02 .
o ——SP500 2.5 1.5 -0.5 0.5 15
—— -—SP500
60% STOXX _ ——STOXX
B 50% - —— NIKKEI ) —o— NIKKEI
: 2
S 40% S
o o Slope ~ -0.4 ]
2 30% - S p
20% = 1.2
10% 14
00/0 T T T T T ap
0 0.5 1 15 2 2.5 3 -
Mat In(Mat)

- Adding more factors generates no additional complexity:
r 1 T2
wx, ——ow E[(x; )] _ _
o= el X[ =y we by
n
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Smile for fwd variances — continuous 1

. . . T
= Consider instantaneous fwd variances ¢

= Would like to keep model Markovian while relaxing lognormality:

- Define

7 = ap(1-0)e 0%, 10672 Ty ) with ap = 1/3/1-0) +0% + 2p 4y 0(1- )

: T Tr T ,.T
- Write éjf :éo f (xt ,t)

T 2 2 0T
- Conditionson fI: - & "s driftless: 4 n AT -ndf 0
dt 2 dx 2
with

2(z) = af [(1 _9)re 2T 4 92072kt 10, g(1— g)e ith )f]

- £7(0,0) =1

T ..
- f monotonic 1n x
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Smile for fwd variances — continuous 2

= Analogous to "Markov-functional’’ models of fixed income

- Is in fact a local vol model:

dln 1
Bx -1

x:fT (é’t)

ol¢" 1) = n(T—1)

- f Tuniquely determined by terminal profile: f T ( Xt = T)

N . o o ° . 1 Ti+1
- No market smiles for individual &, rather for discrete fwd variances: i = ﬁL & dT

- (1) Assume f T (x,];)are identical for Te [7:"7:41 [: exact calibration on VIX smiles it
- (2) Use analytical ansatz for f T representation on basis of space-time harmonic functions

+o0 a)Z T 2

ox——o/|  Mz)dr
fTee) = [dulae™ 20
0
Using just 2 exponentials:
2 2
wr (T 2 (ﬂTwT) T 2
wrx—=L| Az de (Broy x| Az) dr _ 1
STxt) = (=yple " 2 b, tyre S with w7 = (2v(r)
L=yr +yrPr
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Smile for fwd variances — continuous 3

» Process for spot

dS = (r — q)Sdt +1Eby £ (xS aw,
x; = ag((1-0)X, +0Y,)

= Vanilla skew is set by correlations pgy, Ogy

= Pricing is painless
+ Processes X ' Yt are simulated (1) exactly, (2) with no time-stepping

« Brownian motion for spot process

» Before we turn to examples: discrete version

Lorenzo Bergomi

SOCIETE GENERALE

Corporate & Investment Banking




Smile for fwd variances — discrete 1

= Assume a tenor structure of expiries, for example those of VIX futures & options

Tl
° H Z’EH . T I]-'
= Model discrete fwd variances J/ : ; i+1

VtTiTiH _ VOTiTmfi(xtl"t)

af' 2T ndif

X, = ay ((1 —0)e ™M (Tf_t)Xt +6e " (Ti_t))’t) dt ) 2 0

= Determine terminal profile /' (x,t=T) so as to exactly recover market smile for}’""
- Use procedure outlined by J. Kennedy, P. Hunt, A. Pelsser

. . : .. TT, TT,
- VIX smiles provide market prices for digitals on+/ V"™ hence on V"
A !

L
e % Dy = P(V'm <L) = P(xf <x(L)) with f'(x(L),T;) = %
0 i ! y it
0
/ :
! :
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Smile for fwd variances — discrete 2

= Process for spot over interval [T, T |

1

= Solution (1): variance over interval [7: , T, [ stays constant, equal to V;"T"
i

=> both vanilla skew and fwd skew set by correlations pgy, py

S
= Solution (2): control fwd skew by choosing “local vol”,(S) = ({S—,VT?TM

1 TiTi+l g
1S VT.

» Desired level of fwd skew over [7; , 7;+1[ is obtained

« VS variance for maturity 7.,

« Desired dependence of level fwd skew on level of vol is achieved

= For example, use CEV form: go(x) =ox”’

0950/3 —9105% _ (.25

H— VOTiTi+1 fi (xlT T)

) such that:

095% ~0105% =70 T100%
Cst skew Prop skew
25 60% 7 60%
I 6 -
2 B 50%
40% *]
T ‘o
15 Go B 4]
B 30%
10 4 GO 3 1
20% ) ]
5] - 10% 14
0 ‘ ‘ ‘ ‘ ‘ 0% 0 ; ; ‘ ‘ ‘ 0%
0%  10%  20% 30% 40%  50%  60% 0%  10%  20%  30%  40%  50%  60%
Ovs Ovs
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Smile for fwd variances — discrete 3
= Benefits of using discrete version:

= Control on smile of fwd vols — VIX smiles easily calibrated
= Control on short fwd skew and its dependence on level of fwd vol

= Correlations psy: psy still at our disposal to control vanilla smile independently

= Again pricing is painless:
» Processes Xt , }j are simulated (1) exactly, (2) with no time-stepping
« Brownian motion for spot process

« Mapping functions f (x, t) are generated once and for all
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Using the model - calibration to VIX smiles -1

= Here we use continuous version

= Calibration on VIX smiles:

Choose values for Vv, 0, lq, kz, Pyy :sets general dynamics of fwd vols in model

* Use piecewise constant parameters ), ,BZ,CZ on each interval []j, 7;+1[
-V, ﬂ control skew / C controls vol level — of fwd vol

Use VS term-structure computed on SP500 smile as input

 Calibrate both
- VIX futures themselves F=F [1 f VTZ;TM ] w0 Sept 25,2008
- i TT
VIX options Cx =E[( /VTI i+ K)+] 28% |
26% -
 Is VIX market consistent with SP500 option’s market ? 2% | VX fute
- 1-month fwd variance can be replicated with VIX futures & options 22% | :3;\’;
F oo 0,
TT,, 2 % ‘ |
plilin = F2 42 J-OPKdK + 2_[ CydK FEELELEEE
F
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Using the model — calibration to VIX smiles — 2

« Pricing of options on fwd vol/var easy: simple Gaussian integration

«March 18, 2008

% 90% . . . 130.0¢
o —Model Yl Bl g v OA’
27% | PMarket | Market 16-Apr08 87% 21% 105% O 28%
* Model ° 0 0 0 k 8.0
. 21-May-08 36% 11% 94% 1
26% | 0% | 18Jun-08 35% 0% 95% k; 0.35
25% 1 ’ ] ' ' 16-Jul-08 30% 0% 99% Pxy 0%
60% 20-Aug-08 24% 0% 100%
24%
23% 50% -
22% T T T T 40% T T
Apr May Jun Jul Aug 20% 25% 30% 35%

«Sept 12, 2008

28% 90% . . .
» Market — Model Yl Bl Cl
27% | " Marke s | — Mariet 22-Oct08  35% 16% 87%
19-Nov-08 26% 5% 89%
0% 17-Dec-08  23% 5%  95%
21-Jan-09 39% 26% 91%

25% |
. . . . 60% % 18-Feb-09 23% 9% 90%
24% e ///

23% 50% /

22% T T T T 40% T T T
Oct Nov Dec Jan Feb 20% 25% 30% 35% 40%

26%

SOCIETE GENERALE
Corporate & Investment Banking
Lorenzo Bergomi




Using the model — calibration to VIX smiles — 3

«Sept 25, 2008

100% . ) . Sept 25,2008
28% ° o Market — Market Yl B 1 Csl 30%
o | o %0% 1 — Model 22-Oct-08  76% 21% 114% | |
80% - 19-Nov-08 70% 28% 109% |
26% 1 ° T0% | 17-Dec-08 76% 27% 104% |26%
o . y * 21-Jan-09 4% 29% 96% |,
60% 1 18-Feb-09 30% 21% 94% | —-ViX futs
24% - —~»—SP VS
50% *// 22% - ——VIX VS
23% - o
40% 20% T T T T T T T -
22% 30% ‘ ‘ ‘ FFEFFTLELLSLITES
Oct Nov Dec Jan Feb 20% 25% 30% 35% 40% S 7 O & H ST S 8
» Feb 25, 2009
o 130% : ; ; o Feb 25,2009
% o Market — Model i Bl Cl 0% ——VIX futs
7% | e — Market 18-Mar-09 70% 20% 122% |479 | M
a5 | °ode 110% - 15-Apr-09 59% 26% 123% | 50, ——vixvs
1. . 20-May-09 26% 0% 119% .. | t\/\
43% 1 90% | 17-Jun-09 60% 37% 123% | |
41% 1 . . | 22-Jul-09 89% 39% 125% |
39% -
39% °
70% - / o
37% -
35% 35% T T T : : . . .
* 50% : L P e PP
March April May June July 30% 50% 70% & < & & & & & 4@ 5\}
= March 13, 2009
49% o L e~ vi B G . Warch 13,2000
o o — Market 15-Apr-09 76% 23% 109% *% Vxis
o - A NS
’ 90% 1 17-Jun-09 62% 28% 114% 40% |
8T 22-Jul-09 50% 30% 116% 38% |
41% - 19-Aug-09 40% 31% 116% 36% |
39% - ° . 70% - 34% -
37% ° . &
35% 30% T T T T T T
° ' o . e © e © 2 © & ©
April May June July August 50A30% 50% 70% 46'3 ﬂ* ﬁ'% 4¢§ 4“9 4\"9 4“:\ 4“}
Lorenl_u DorgorTm ]4




Using the model — options on realized variance — swaptions

2
T
® Option on realized variance pays %Zh{%J -K
0 i

 Popular approximation:

- Define underlying effective underlying Y: Y =
- Yhedged by trading VS of maturity T Y'is driftless

- Dynamics for Y depends on dynamics of &

=> Price of option on variance only depends on dynamics of VS vol of residual maturity. |s;

« Price option with model

Set1 Set 2 Set 3

v 130.0%| 137.0%| 125.0%
0 28% 29% 32%
ky 8.0 12.0 4.5
k, 0.35 0.30 0.60
Pxy 0% 90% -70%

Spot-starting realised

Setl Set 2
6 months 2.03% 2.03%
1 year 2.22% 2.21%

6 months realized in 6 months
3.04% 2.89%

6 months in 6 months swaption
2.28% 2.10%

+

"‘(T t)at T—t

, swaption pays (VT]TIT2 -K )+

log / log

t,T—t

Set 3
2.03%

B (s
s

2.57% (VTITIT2 -K )+

=> Pop. approx ok for spot-starting options on realized variance

Lorenzo Bergomi

T

0.2

02! 1 2 3 4
0.4 -

slope ~ -0.35
-0.6 | :

-1.2

Volatility of VS vol

120%

100%

80%

60%

40%

20%

0% T

0 6 12 18 24
Maturity (months)
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Using the model — dynamics of fwd vols

Set1

Set 2

Set 3

130.0%
28%
8.0
0.35
0%

137.0%
29%
12.0
0.30
90%

125.0%
32%
4.5
0.60
-70%

60

40

20

0

-20

Correlation of spot-starting 1-month VS vol with 1-
month fwd vols

maturity (months)

120%

100%

80%

60%

40%

20%

0%

Volatility of VS vol

6 12
Maturity (months)

=> term-structure of vols of spot-starting vols does not uniquely determine vols & correls of fwd vols

Spot-starting variance = basket of fwd variances. Same basket vol can be achieved with:

« low vols / high correls

« high vols / low correls

For flat term-structure of VS vols, inst. vol of VS vol given by:

vol
or

= voy 6°

l-e

_le

1

2

+(1-0)?

l1—e

_sz

2

2

+2pxy0(1-06)

1— e—le 1— e—k2T

ki ky

Lorenzo Bergomi
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Using the model — options on realized variance — smile

 Use parameters calibrated on VIX smiles of march 18, 2008

« Price option on realized variance — back out smile:

100%

Smile of realized variance

80%

60%

40%

20%

0%
60% 80%

100% 120% 140% 160% 180%
Vol moneyness

Lorenzo Bergomi
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Using the model — the vanilla skew — 1

» Vanilla skew in continuous version is generated by spot / vol correlations pgy, pgy

 Approximate expression for vanilla skew:

S ~
- ATM skew is related to skewness 27 of x = ln[—T) through: do | — 27
So dInK | I 6T

- is given at 1st order in vol-of-vol by (double) integral of spot/vol correlation function:

<(x—< x >)3> - 600;(0# I;<‘?T at>

=> yields expression of ATMF skew at order 1 in vol of vol:

95%-105% skew

dé T —(1—e kT o T—(1—e Ty || | %
Tkl (1-60)psy 55 + Opsy 55
o il il
= Approximate

« Example: 95% - 105% skew with pgy ==70%, pgy =—36% 3%

2%

1% 1
Skew o« —

=> Parameters generating slow decay of vol of vol
Y =—36% ﬁ

also generate slow decay of skew 0%
0 0.5 1 1.5 2
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The Skew Stickiness Ratio — 1

 Natural question :
- in units of the ATMF skew ?

=> enter the Skew Stickiness Ratio

« At 1st order in vol of vol, with flat VS term-structure:
« For short maturities Ry — 2 : model-independent

« For (very) long maturities R — 1

» General expression for any number of factors:

Lorenzo Bergomi

how does the VS or ATMF vol move when spot moves ?

(50'55']
_ | oIns it 00w _ (doy59InS)
dlnS <(51n5)2>

36%

0 2 4 6 8 10
Maturity (years)
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The Skew Stickiness Ratio — 2

« Model-independent (no jumps) expression of the SSR at order 1 in the vol-of-vol (flat term-structure of vols):

_jf

L dtjf

Ry

wheref(r) is the spot/vol correlation function: f(f) = L s,

dt S O-H-‘L'
» If f is monotonicthen 1< R < 2 !

« For T — () above expression recovers well-known model-independent result that R — 2
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The Skew Stickiness Ratio -3

95%-105% skew

» Scaling of f'(7) for large 7 governs 5%
=> The speed with which the ATMF skew decays o
=> The value of the SSR for large T —__Approximate

3%

: 1 .

* Imagine that for large 7 f(7) o< 5 then : 2%

T
1%
wf p>1 do o L and Ry — 1 0%
dInK | T
If p<1 do L and R 2
p dink|, 17 r—2-p

Exponential decay same as > 1
=> The decay of the ATMF skew (static feature) and the large-T

value of the SSR (dynamic feature) are related for large T through:

1
72-R

Skew 7

=> Explains why in our example:

Maturity (years)

* intermediate regime where Skew; o< 1/T0'5, Ry =1.5

+ eventually for long maturities Skewy o 1/T, Ry =1 agcgfzﬁvgﬁgﬁgﬁnlglz
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Conclusion

» 2-factor stoch vol model allows control over dynamics of fwd vols

* Model is driven by easy-to-simulate Gaussian processes — no sweating

» Can be extended to N factors with no additional complexity
- needed for options on slope of VS curve

« Allows control on smile of fwd vols — almost for free
- can be calibrated to VIX smiles, exactly in discrete version

« Discrete version allows additional control on short fwd skew and decoupling from vanilla skew
- magnitude & dependence on level of short fwd vol

« Parameters governing dynamics of fwd vols also govern decay of vanilla skew

* Model-independent relationship at 1st order in the vol-of-vol links SSR to decay of the ATMF
skew
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