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Intro — things heard on the street

» LV model used inconsistently: local vol surface is calibrated today; only to be
recalibrated tomorrow.
=> violates model’s assumption of fixed LV surface.

» Trading practice: don't use LV delta — instead compute "sticky-strike” delta:
move S, keep implied vols unchanged, recalibrate local vol surface.

» Rationale: so that vanilla options have BS delta.

» On a scale from dirty to downright ugly, where do we stand?

» What is the carry P&L of an option position?

» By the way, what's the delta of a vanilla option?
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Outline

» Usable models?
» The carry P&L of the LV model
» The delta — the delta of a vanilla option

» Break-even levels for vols of implied vols / covariance of spot and implied
volatilities

» Conclusion

=> Material of this presentation part of forthcoming book
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Practically usable market models

» Define assets A; to be used as hedging instruments — pricing function
P(t,A1,...,An)

» First order contribution to P&L cancelled by delta hedging:

dP

P&L = —[P(t+6t,A+0A) = P(t,A)] + T

(5/4,' — u;A;5t)

» First non-trivial contribution to P&L — order 1 in dt, 2 in )A:

2
P&L = — f51“ — EZ uat
dt 2 dA,’dAj

SASA

» Condition for non-nonsensical P&L: there exists a positive breakeven covariance
matrix Cj(t, A) such that:

dP 1 d?P

— = ¥ A;A;Cj
dt 2 dA,‘dAj
1 d2P [ SA; SA;
P&L = — -TAA ( L — C;j5t>
2 dA;dA; \ A A;

» Trademark of a market model
> Sign of P&L depends on mismatch between model & realized covariances

> ldeally we would like to set the C;; — otherwise may need to use implied levels.
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The local volatility model
> In LV model P“Y(t,S,0). o (t,S) local volatility function.

>

>

>

Use "local volatility delta” A" =

1 2
2

P&LY =

dpPYV

7= | . From pricing equation, P&L during dt:

(o2

2 pLV 2
529°F 0> — 0% (t,S) 6t
dS? S

In LV model — with fixed LV function — implied vols functions of t, S:

a-\KT(t_:

P&L" actual P&L only if market implied vols move as prescribed by Z';Q/T(t, S,0).

=

S) = Y (t,5,0)

AY useless

Pricing function P (t,S,ox7). LV function o calibrated on vanilla smile:

P (t7 57 6-\KT)

PY(t,S,0)

Let's compute the carry P&L of an

= PLV(t, S,O' [t, S, GKT])

= P (5.5 (t.5.0))

option position.
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Carry P&L with the LV model — (black-box) pricing function P (t,S,oxT)
» Start with P&L of naked option position during Jt:

P&L = —[P(t+6t, S+6S, okt +6okT) — (L + rét)P(t,S,ox7)]

» Expanding at order one in 4t and two in 65 and dokT:

P&L = rPdt
dP dP dP
— —0t — —6S — —— e okt
dt ds dokT

1 d2P d2pP
— (- 552

1 d?pP
ar 561785 + =
24522 T dsagay S OOKTOO T

2 da\'KTd/O'\K/ T/

L (Sa'\KT(s/O'\K/ T/)

» Notation e stands for:

df Sf df
— ° 56'\;(7' = //deT — 56'\;(7' = Z,‘j — 56’;( T
dO‘KT 50‘KT dO‘K.T tJ

» dP dP

75, g are computed keeping the okr fixed — the LV function is not fixed.
» Define sticky-strike delta A>:

I
dS

~

OKT
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Carry P&L with the LV model — 2

» Utilize that P is given by LV pricing equation:

PY(t,S,0) = P (t, S, Gk = T (1, S, a))

» Express derivatives of P in terms of derivatives of P:

dP- dP  dP  dX%

—= [ J
dt dt i dokT dt
dP- dP N dP  d¥i
—= [ J
ds dS = dokr  dS
PV [ d’P L) d’P  d¥ir N P dr dx o L dP R
ds2  \ ds2 dSdokr  dS dokTdG i 7+ dS dS doxr  dS2

» Now insert these expressions in LV pricing equation:

dP" aP® 1
—q)S
e

> ... to generate relationship involving derivatives of P.
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Carry P&L with the LV model — 3

> Yields:
dP dP dP
- = P — —a)S— —
dt r (r—aq) dS donr ® LKT
1 P P P P dEl¥ d¥)
. —oz(t,S)Sz EL___+ 9 d/\ o dX T NI d il ° KT K'T’
2 dS? dSdoxr  dS dokrdo,rr  dS  dS

with uxT given by:

dZIRVT 1 2 2 d2z%/7_ dz%/T
= — t.S)S —q)$S
UKT & T 3° (t,S) <2 + (r—q) <

» Now rewrite P&L of naked option position in slide 6:

dP dP .
P&L = — d_S (55 — (r — q)56t) — . [ (50‘KT — ,uKT(St)
N 102(13 5) 5 d’pP L d’P . dx N d’pP . dx dzl 5
27 V7 dS? dSdéxr  dS doxrdoir1  dS  dS

1d2P552 n d*P 1 d*P
2 ds? dSdarr 2 dxrdE s

e SoxT0S + -— ° 68‘;(7‘56'\,(/-,—/)
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Carry P&L with the LV model — 4

> Introduce implied (log-normal) vol of vol of Gk7:

1 d¥bl
— So(t, S
» Rewrite P&L as:
dP dP
P&L = — — (55 — (I’ — q)55t) — — ° ((58;{7‘ — ,LLKT(SI')

ds dO‘KT
1 _,d?P [65?

- — o?(t,S) st
27 d4s? { sz (&5 }

d?P §S 6o

— e SGkt [— IKT _ o(t, S) VKT5t]
deO'KT S OKT
1 d?P R SOKT 0CK! T+

— = —= — @ OKTOK/'T! | — — — UKT VK T/ 0t
2dO'KTdO'K/T/ OKT OKk't?

» Only uses market observables: P(t,S,ok71) — no LV function involved.

» P&L expression is that of market model.

> Variance/covariance breakeven levels are well-defined + make up a positive

covariance matrix.

> Delta is sticky-strike delta %, vegas simple vegas.
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Carry P&L with the LV model — 5

» okt = implied vol plays no special role. Use instead price Oxt: P(t, S, Okr).
P(t7578KT) — P<t757 OKT — PE?—(t,S,aKT))

PY(t,5,0) = P(t, S, Qgr(t, S, 0))

QR4 (t, S, o) price in LV model with LV function o.

» Drift uxr simplifies:

dQLY 1 d?QLY dQLY
_ KT 2 2 KT KT __ Lv. = __
PKT = — -+ 5 (t,S)S —c2 —|—(r—q)5—d5 = rQpr = rOxr OK

» P&L of naked option position — using now asset prices — cf slide 4:

dP dP
P&l = — —— (65— (r—q)Sét) — SO+ — rOx+ot
dS( (r—aq) ) dOKT.( kT — rOkTét)
1 d?pP
— Z 2 " [85% — 0%(t,S) S%6t
d2fp dQLV
— e |8S560kT — A (t,5) S KLt
dSdOxr kT — o (£,5) 57—
1 2 dQLV_ dQtv
b 4P o |00k760K 1+ — o (t,5)S>— KL~ KT
2 dOk1dOk:r 1/ ds ds 10/20




Carry P&L with the LV model — conclusion

>

>

>

P&L expression has typical form of market models — OK
Hedging instruments all treated on equal footing.

Implied break-even levels of cross-gammas are payoff-independent — are
determined by market smile prevailing at time t.

> spot/vol correl = —100%

> vol/vol correl = 100%

| of Gpm i 1 dTR%
> vol o OKT IS VKT = v
zKT d5

So(t,S)

dP dP

Hedge ratios are simply

S

Delta of the local volatility model is AMM %‘OKT.

Delta of vanilla option is an irrelevant notion.

> akin to asking model to generate a hedge ratio of one hedging instrument on
another hedging instrument.

Result seems = natural, but see 2nd talk this afternoon for strange pathologies in
local /stoch vol models.
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So, what is the LV model?

>

>

>

The LV model is a market model for the underlying and vanilla options
... that happens to have a 1-d Markov representation in terms of (t,S).

This is a mathematical technicality — of which the LV function is a by-product —
that facilitates pricing. Nothing fundamental.

Daily recalibration of LV function is exactly how it has to be used.

Consequences of 1-d Markov representation:

» The break-even covariance matrix is of rank 1 — correls = 100%.

» No control on break-even levels of volatilities of implied volatilities. They are set by
the configuration of S, o7 and will vary unpredictably.

» Like them, use model; don't like them, don’t use model.

This is how much we can get in a model with a 1-d Markov representation.
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Consistency of sticky-strike and market-model deltas

» Use S, Okt = P(t,S, Okr). Hedge ratios AMV dP

ar ’ _dP_
dS 1Okt dOkT

> Use S,0kr > P(t,S5,0k7). Hedge ratios A>® = 9 " d;ir

S
dP

>/\—
dokr

offset by trading BS-delta-hedged vanilla options

» Hedge portfolio is:

d d
n=%s, 9

0
ds dOwy - KT

» Rewrite in terms of delta-hedged vanillas:
dP23 dPR3
n— d77_|_ d73. KT}S—i— dP.[ KTS]
dS dOkT dS

» Spot hedge ratio?
» Move spot + move vanilla prices by their Black-Scholes deltas
akin to: move vanilla prices keeping implied vols fixed = sticky strike delta

dP  dP  dPES

ASS — 97 .
dS  dOkr dS

» Once hedge portfolio broken down into underlying + naked vanilla options, delta

MM dp
always equal to A 35 |0y

» Nothing fundamental about A>° — tied to a particular representation of vanilla
option prices.



Dynamics in LV model

» What's left before we can use LV model? Output the vkr, see if we like them.

» More practical to look at implied vols for floating strike — fixed moneyness.

» Look at vols of vols and spot/vol covariances.

» For ATMF vol equivalently look at SSR Rt

R . 1 <d8FTT d|n5> . 1 da'\/:TT
"7 Sy ((dInS)2) St dInS
d/\
ST _ OKT
dinK|g,
- T Fy0
VO|(O'FTT) = RT(STEFOT)
T

» Assume following expression for LV function:

o(t,S) = o(t)+ a(t)x + @X% < —In (%)

and calculate St, Rt at order 1 in a(t), 5 (t).
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Dynamics in LV model — 2

» Use variance u = o° and write u (t, S) = up(t) +du(t,S). At order 1 in du:
Wt oo \/(WT_Wt)Wty
Okt = /dt/ (t Fre“T ¥ VET )

where xx = In(F—KT) and wy = fOtUo(T)dT.

» Expanding around a cst o(t) = 0o: Uo = 0

y2
e 2 t (T—1)t
OKT = —/dt/ (t,FteTXK+U°V T y>

» From this get:

d/\
St = TKT = —/ —a(t)dt "skew averaging” — V. Piterbarg

din K K=F1

d2

OKT = —/ B(t)dt
dlIn K2 K=Fr

dc 1 7 t

OKT — —/ (1——)a(t)dt
dIinS K=Fr T 0 T
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Dynamics in LV model — 3

> From 1st equation: a(t) = Z(tS:)+ S:.
Drgr _ (dour Ok ) = —/ a(t)dt = ST+—/ Sedt
dInS din K K=Ft d|n5 K=F T 0 T 0
. do dInS do
> Get expression of SSR: R+ = slT < <znTS)2> ) slT 5;(55)7_

1 (TS
R+ = 14+ — —dt
T +T/0 Sy

» Limiting behavior

» short maturities:
lim RT = 2 OK

T—0
> long maturities — take S7 %:
: 2 —
im Ry = —
T—o00 1— Y

» For typical value v = % im0 R = 3.
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Dynamics in LV model -

» What about expanding around a deterministic volatility oo(t) rather than a cst 0¢?

do 1 [T 5%t t
ST = d(ITKT = —/ /\O-2t 0-9\( )Oé(t)dt

nKlk=r, T Jo o1 o7

do t

OKT _ _/ t 00() a(t)dt

dInS K=F O'T
dor. T 2(t)

r — ST —|— —/ Stdt
dinS otoT

where G = \/% Jy 02 (u) du.

1 [T /d2(t)\ S
RT:1+—/ <i°£)> " dt
T Jo otor ) ST

» Better approx of Rt for strongly sloping term structures of ATMF volatilities.

» SSR given by:
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Dynamics in LV model = 5

» Check approx of SSR on 2 smiles of Eurostoxx50

50% 50%
40% 40%
L ]
30% 30%
L
20% 20%
= [nitial smile —— Initial smile
10% Spot = 90% 10% Spot = 90%
— Spot =110% — Spot =110%
0% 0%
50% 70% 90% 110% 130% 150% 50% 70% 90% 110% 130% 150%
0.0 4 0.0 4
0 1 2 3 4 5 6 0 1 2 3 4 5 6
-0.1
-0.1
-0.2
-0.3 . -0.2
-0.4
-0.3
-05 -/ «  Actual J « Actual
Benchmark Benchmark
-0.6 -04 -°

Figure: Top: smiles of the Eurostoxx50 index for a maturity ~ 1 year observed on
October 4, 2010 (left) and May 16, 2013 (right). Bottom: term structures of ATMF
skew and power-law fits with v = 0.37 (left), v = 0.52 (right), as a function of T (years).
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Dynamics in LV model — 6

» Real versus approximate SSR

2.6

24

2.2

2.0

1.8

0

e Actual
— Approx
T 1

1 2 3 4 5 6

3.0

2.8

2.6

2.4 -

2.2 -

2.0

e Actual
—— Approx

0 1 2 3 4 5 6

Figure: Rt as a function of T (years) computed: (a) in FD (actual), (b) using

expression R

-
1+ =+ [y g—;dt (approx).

» What about smile with S+ %? Approx fomula gives limr_ o Rt = o0
(logarithmic divergence of R71):

0.0 -
-0.1 -
-0.1 -
-0.2 -
-0.2 -
-0.3 -
-0.3 -

-04 4 °

-04 -
-0.5 -

e Actual
Benchmark

4.0

3.5 -

3.0 -

25 4

2.0

¢ Actual
—— Approx

0 1 2 3 4 5 6 7 8 9 10 11

» Approx slightly overestimates SSR.
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Conclusion

» LV model is a genuine market model for underlying + vanilla options
. that happens to possess a 1-d Markov representation in terms of (t,S).

» Generates well-defined break-even levels for spot/vol and vol/vol covariances in
the carry P&L.

» Daily recalibration of LV function — an ancillary object — is exactly how model
should be used and deltas calculated.

> Spot/vol break-even correlations = —100%, vol/vol break-even correlations = 100%.
LV
> Volatilities of implied volatilities given by: vol(GxT) = zﬂv KT So(t, S).

» Delta is well-defined: AMM . Delta of vanilla option irrelevant notion.

‘ Okt

» When vega-hedging with (BS) delta-hedged vanilla options, sticky-strike delta
should be used.

» Good approximate formula for sizing up break-even vols of ATMF vols — or
equivalently SSR:

rs
Rt = —/ ot
~ O'FO
VO|(0'/:TT) = RT(ST&\_F T)
-
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